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Rotor Blade Stability in Turbulent Flows—Part 11

Y. Fujimori,* Y.K. Lin,tand S. T. Ariaratnami
University of lllinois at Urbana-Champaign, Urbana, Il

As a sequel to Part I, this paper is directed toward the effect of turbulence in the atmosphere on the rotor
blade stability during a forward flight. Two types of motion are considered: uncoupled flapping, and coupled
flapping and torsion. Assuming that the turbulence velocities which appear as parametric excitations can be
approximated by white noise processes, the method of the Markov process is applied in the formulation of the
problem. The results are presented as stability boundaries for the first- and second-order stochastic moments
corresponding to different spectral levels of the excitations. The stability boundaries for the nonturbulence case,
previously obtained from deterministic analyses, are also included for comparison. It is shown that the un-
coupled flapping motion remains quite stable under the turbulence intensities and operating conditions, which
may be reasonably expected in the service life of a helicopter, but the stability region for the coupled flapping
and torsional motion is significantly reduced due to normal turbulence.

Nomenclature
=lift curve slope
=matrix appearing in the first-moment equation
=matrix appearing in the second-moment equation
=blade chord
=ensemble average
=(I;/161,) (c/R)?
=feathering mass moment of inertia of a blade,
kg-m? .
= flapping mass moment of inertia of a blade, kg-m?
=drift coefficients in Itd’s stochastic differential
equation
=blade flapping frequency/blade angular velocity
=cly/(4R1,)
= Floquet transition matrix
=rotor radius
=time
=lateral turbulence component, m/s
= forward flying velocity, m/s
=longitudinal turbulence component, m/s
=torsion angle
= flapping angle
=R*pca/l;, blade Lock number
=a small parameter
=V/QR
=v/QR, advance ratio
=U/QR
= air density
=diffusion coefficients
ferential equation
=mean-square value of random velocity V'
=spectral densities of nondimensional velocities 5
and ¢ with respect to nondimensional frequency
®,, =cross-spectral densities of nondimensional
velocities » and £ with respect to nondimensional
o frequency
¢ ,®;; =spectral densities of nondimensional velocities n
and ¢ with respect to physical frequency, rad/s
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=spectral densities of physical velocity V(f) with
respect to physical frequency

= (¢, azimuth angle (nondimensional time)

=blade angular velocity, rad/s

=cutoff frequency

=torsion frequency/Q

=derivative with respect to azimuth angle y
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Introduction

HE stability of helicopter rotor blades in coupled flap-

ping and torsional motions and operating in an idealized
smooth flow was investigated by Sissingh and Kuczynski.!
Since strong turbulent flows are often encountered by a
helicopter in its service life, the question arises as to whether
their presence will induce instability of an otherwise stable
motion. To answer this question, the equations of motion
were rederived to include the random turbulence terms.? It
was found that for flapping and torsional motions only the
horizontal turbulence components appeared in the coef-
ficients on the left-hand sides, while both horizontal and
vertical components appeared in the nonhomogeneous terms
on the right-hand sides. Since the inhomogeneous terms do
not affect the system stability, they may be dropped in the
stability considerations. The final version of the equations,
with inhomogeneous and higher order turbulence terms
removed, may be cast in a matrix form:

{§I+(7/2)[§Qe',ﬁ~ tOSFC‘a][i}
e v 3 | VO R

where coefficients C, K, ... are related to the nondimensional
horizontal velocities £ (¢) and 5 (¢) as follows:

¢ [¢c ¢ c I

R K K, K, £

m, m, My mg, 7
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K, K, K, K.,
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The elements of the 7x3 matrix in Eq. (2) are periodic
functions of the azimuth angle .

If the correlation times of the excitations £ (#) and n(¢) are
short compared with the relaxation time of the response, then
the response is close to a Markov stochastic process governed
by an equivalent It stochastic equation. This equivalent
equation can be obtained by a stochastic averaging method. 34

In the reduced case of uncoupled flapping motion in a
hovering flight, closed-form solutions have been obtained for
the transition probability density of the response amplitude
and the stability condition for the stochastic moment of an
arbitrary order in Ref. 2. However, the real threat of tur-
bulence to the stability of a rotor blade appears to be in the
coupled motions and in high forward-speed flights. These will
be considered in this paper.

High Forward-Speed Flights

When the advance ratio p is not small, the periodic
variation in the coefficients C, K,... can no longer be ignored.
This suggests that, although the concept of stochastic average
of Stratonovich is still sound for high forward-speed flights,
the time-average portion of the whole procedure requires
further consideration. One guideline for any stochastic
analysis is that the results should be reducible to those of the
corresponding deterministic analysis when the random terms
are set to zero. The deterministic results available in the
literature are those due to Sissingh,” and Peters and
Hohenemser® for the uncoupled flapping motion, and those
due to Sissingh and Kuczynski! for coupled flapping tor-
sional motion, all of which are based on unaveraged
equations. In order to compare with these results, the time-
average portion of the Stratonovich method cannot be used.
Instead, use will be made of the Wong and Zakai corrections
to obtain the drift and diffusion coefficients for the
equivalent Ité equation.” (See also Appendix A of Ref. 2.)
This means that the random excitations £(¢) and n(f) are
replaced by ‘‘physical’”” white noise processes and time
averaging becomes unnecessary.

A. Uncoupled Flapping Motion

Setting o =0 in the first row of Eq. (1), one obtains the
equation for uncoupled flapping motion:

B+ (v/2)CB+Ip2 + (v/2)K1B=0 3)

Let X,=4 and X, =83. Equation (3) is replaced by two
equations of the standard form [Eq. (A13) of Ref. 2]:

dX;/dy=ef (X)) +e” g (X )&, (¥) 4
where
ef1=X,, ef,=—(P?+ (/D K) X, — (v/2)CX,
ehg =e"g,=0, €”gy=—(v/2) (KX, +C,X;)
€%gy=—(v/2) (K, X,+C,X,), £, (¥) =£(1),

£, () =n(1) &)

The drift terms can then be obtained by an application of the
Wong and Zakai corrections:

em=BX 6)
where

o 1
B — 7
8 [—pz—('y/Z)K+C_,, —(7/2)c+c”] M

s 2
CZI :7{(5) [CEKEq)ES + (CEKW‘PEW +C7!KE¢YIE) +Cnan>nv]
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C22=7r(5) [Ci®, +C,Ci (%, +2,,) +C20, ] ®)

The elements of the product diffusion matrix e(o¢’) are all
zero, except

€(007) ;= (2m) €83, Py +82/822 (B, + P ) +23,®

’I'I]

=85 X7 +85,X, X, +8;;X3 ®

where

2
Y
Sy =7 (Kb +K, K (%5, +0,0) +K72,]

7o
,YZ
S =7 [2K.Cy + (K, C, +K,Cy) (%, + ;) +2K,C,]

S;,=2C,, (10)

It follows that the elements of the diffusion matrix ¢ % ¢ also
are all zero, except ’

€0y =185 X7+ 85, X, X, +55; X317
Thus, the It6 equation for X is completely determined:

de=Bijkd1//+[S3,X§ +85, X, X, + S5 X351 %6,,dW, (1)

where 8,; is a Kronecker delta and W), is a Wiener process.
The equations for the first moments of X, are obtained by
taking the ensemble average of Eq. (11), resulting in

dE[X;]/dy =B E[X,] (12)

Since the elements of matrix B are complicated periodic
functions of ¢, a closed-form solution is not obtainable.
However, Eq. (12) is now deterministic, and it has the same
form as the one solved by Peters and Hohenemser® using a
numerical procedure. Briefly, this technique involves the
numerical integration of Eq. (12) to obtain a transfer
relationship between E[X(0)] and E[X(27)] as follows:

E[X(27)] = QE[X(0)] (13)

where @ is the so-called Floquet transition matrix. The
eigenvalues of @ are generally complex; they can be expressed
as exponentials A, =exp[27 (N, +iw,)]. The blade response is
stable if all the A, are negative, and unstable when one or
more of the A, become positive.

To determine the stability boundary for the second
moments, one applies Itd’s differential rule (Appendix A,
Ref. 2) to obtain three stochastic equations for Y, =X2,
Y,=X,X,, and Y;=X3%, and then takes the ensemble
averages. The results can be cast in a matrix form:

dE[Y]/dy = BE[Y] 14
where
0 2 0
Bl= |B, B, 1 (15)

S3; 2By +S; 2B, +Sy

and B, is the (j,k) element of matrix B. The stability con-
dition of Eq. (15) can be investigated again using the
numerical method of the Floquet transition matrix.
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B. Coupled Flapping—Torsional Motion

In principle, the problem is the same as that of the un-
coupled flapping motion, but algebraically it is much more
tedious. Therefore, only the final results will be presented
herein. Let X={8,8,a,&}. The first objective is to evaluate
matrices B and B analogous to those in Eqgs. (12) and (14),
since these matrices are intrinsically related to their respective
Floquet transition matrices. It can be shown that?®

0 1 0 0
N D, +Cy Dp+Cy Dy+Cy 0

B= (16)
0 0 0 1
D,+Cy Dp+Cy Dy+Cy Dy+Cy

where

D, =—-p?—(y/2)K Cyy =Ty

Dy=—(v/2)C Cp=Tysy,

Dy =(y/2)ym, Crs =Ty

D, = “3'7er5

Dy =—=3vQky

Cyy =T+ Ty
Cp =T+ Ty
D= —~wl -3vyQK, Cus=T 05+ Ty

D, = ~3yFC,
Ty =7(y/2)?[K,C, 0, +K,C:P + (C K, +C K )8, ]

Ty =m(y/2)2[C}®, +Ci®, +2C,C.P,]

7o

Si106=2V 50 S10.7=2V 140

Vi = (1y2/2) [Kﬁém +K§'I>gg +2K K ®,1,
Vo =31y QLK 45, @, + K s @, + (Kl + Kl )],
Vs = =30y 2QUm 05, + 1l @ + (M, Lo +m

Vi =31y 2QIK K, @, + K K Py + (K K s + KK )P
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Toypp = —w(y/2)?[C,m,, &

o F
+Cimy @y +(Comy +Com, )@, ]

Ty = 3/ 2y7y2QIK L5, B, + K5, P,
+ (K b + K509, ]

Ty = 3/2)ay2Ql8,,C, 8, +£5.C P,
+ (0, Ce +5:C ) 2]

Tz == (3/2)wy2 Qll g, m,, @

an = nn
ey S+ (Ggy Mo +05m 0, ) 2]

T ygqr =91y’ Fi L5, Cony ®

an ' qn
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i Cop Pep + (£, Cop +05:C., )2, ]
Tipr= 9172FQ[(7,3” c,®,

Fl5: Cop Py + (G,

Caé + g Can ) (I)nE]

Tyus =977 FOIK,, C,, ®

an =y

+ K Coy Py + (K, Cop + K, C ) 8]

T 44 =97r«/2F2[Cfm<I>m, +CL 9, +2C,,Cp®,] an
In the preceding expressions, it has been assumed that
®,, =®,,. This assumption implies that both cross-spectra are
purely real, which is reasonable since £(y¥) and n(y) are
idealized as physical white noise processes.

Matrix S is 10x 10, corresponding to the ten second mo-
ments E[X3], E[X, X,1LEIX, X;LELX, X, 1EIX3], E[X, X,],
E[X,X,], E[X3], E[X,;X,], and E[X?]. Specifically

0 2 0 0 0 0 0 0 0 0 )
B,, B, B, 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0
B, B, B,, B, 0 0 1 0 0 0
§=1S, S;,+2B,, S;; O Sss+2B,; Sss+2B,, 0 Sss 0 0 (18)
0 0 B, O 0 B, 1 B, O 0
S,, Sp+B, S, Su+B, Sx+B, Sx+B,; S,+B,+B, S, Sp+B,; 0
0 0 0 0 0 0 0 0 2 0
0 0 B, © 0 B, 0 B, B, 1
LSi0r Sioz Si03 Sios +2B,; Sps Sios S]o,7+2342 Sios Si092Bys  Sig10+2By
where
Ss1=V2 Ss;=4T Ss53=2V 53, Ss55=2T 50 Sss=4T 32
Ss8=Viss Su=Vuu S72=2T 01+ Ty Sy = Visar + Vs S74= Vi
S75=2T 420 S76=Viza2+2T 323 S77= Vi S75= Vs S70= Vs
Si01= Vaa 810272V 810372V 4341 S104=4T $105=Vara

510,9 =4T 43 SIO,IO =2T 4444

Viygoy = (my2/2)[m2,®,, +mi +2m, m & ]

an =

Vi =37y QIC 5, @, + Colige @ + (C 05 + Col ) 8

an [)rﬂn ) q’né]

Vi =37r7‘2F[Kn Cqu)rm +K$ Coe®ie + (Kn Cos +K; sz )‘I’,,g]
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| :37|-72Q[CnKM<I>W +C.K ;@ +(C,K,;+C: K, )2P,;]
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Vi =3my2FIC, Cop®, 4+ C, Cop s + (C,Co + C;C ) @]

V= —3W72Q[munKancbnn + M0 Koy @y + (M, Ko My Koy ) o]

V4423=_37r72F[meC $ +mw7CaECI>E$+(manCu£+maECa”)<I>n5]

on =Ny

Virar =187y Q7 1073, @ + 05 R + 20,5, 5 ® ) Vigy = 18777 Q2[5 0y Py + se Uipe P + (g e+ Ureligy ) B

V= 18wy Q? [grﬁnKancbnn +frBEKaEq)£E + Kaé +€rK3£Kan )q)"IE]’

3y

V32 =187y Q2 [0, K (@ + 05 K e Py + (05, Ko +05: K, ) P 1,

Vi =187y? Q2 [075, @, 805 Py + 20,5, 05 B ]

Vi =181y QK2 &, + K2, &, +2K, K, . ®;]

Vo =—(7v212)[m K, & +m K ¥y + (m K+ m K )]

Vs = =31y 0l g, m @, +lgm ;o + (b5, m +lgm, )P, ] (19)

Numerical Examples

Before showing the numerical results, it is appropriate to
examine the range of values for the spectral densities of the
excitations, & and ¢, which may be encountered in
practical flight conditions. These spectral densities have been
nondimensionalized. For example, ¢ is the spectral density
of nondimensional turbulence velocity #5(f) vs non-
dimensional frequency w/€. This can be converted into one vs
the physical frequency w(rad/s) as follows:

&)nn =% /0

Since 5 (¢) is nondimensionalized with respect to the blade tip
speed QR (m/s), further conversion to the spectral density of
the physical turbulence velocity yields

$,,=QR?®, (m/s)?/rad/s

Perhaps the most basic statistical information about a
turbulence field is its mean square value, which is equal to the
area between the <i>,,V(w) curve and w axis. Such a curve is
generally quite smooth, and it can often be idealized as being
constant over some frequency range of practical interest. To
be more specific, we may assume that fi>,,,,(w) is constant
over —w,<w<w, and is zero outside this range. This ideal
model is called truncated white noise, and w, is called the
cutoff frequency.

In our analysis the turbulence is untruncated white noise for
which the spectral density is the same constant over the entire
frequency range. Thus the mean-square value of untruncated
white noise is, of course, unbounded. However, it is well
known that the response of a dynamic system to a truncated
white noise is approximately the same as that to an un-
truncated one, provided that the major frequency contents in
the response lie within the truncation interval [ - w ,»,.] of the
excitation.

In practical applications, we measure the mean square value
a? and the spectral density of the excitation ®,,. If the
spectral level varies smoothly within a certain frequency range
through which most energy of excitation is supplied to the
response of the dynamic system, then substitution of the real
excitation process by truncated white noise is permissible.

The cutoff frequency w, is related to the mean square value
of the excitation o4, by

where ¢, is the idealized constant spectral level of the
truncated white noise which, of course, must be comparable
to the measured spectral level within the frequency range of
practical interest.

In the first column of Table 1 the values for the non-
dimensional spectra & . used in the numerical computations

are listed. The second column gives the corresponding
physical spectrum, @, and the other three columns show the
corresponding root mean square (rms) values of the excitation
for different truncation frequencies in terms of the ratio
w,. /2. All are computed on the basis of =77 and R=5 m.
The values should be adjusted for different rotation speeds
and blade radii.

It is known from various measurements that a typical .at-
mospheric turbulence of geothermal origin has an rms value
of 3 m/s or less. However, wakes from adjacent blades of the
same rotor or another rotor can create much higher velocity
fluctuations in the airflow field. Thus, if both sources of
turbulence are taken into consideration, the overall spectral
level may reach a normalized value ¢, =0.003. This intensity
may be considered to be near the upper limit under practical
circumstances.

In obtaining numerical results to be presented herein,
higher values of the turbulence spectral level have been used
sometimes so that the change from the nonturbulence con-
dition can be seen more clearly. When a higher-than-usual
turbulence level is used in the computation, the change in the
stability boundary is exaggerated; however, the same general
tendency is expected to occur at realistic turbulence spectral
levels.

Figure 1 shows the stability boundaries plotted on the y vs
p? plane for the first and second stochastic moments of the
uncoupled flapping response at an advance ratio p=2.4, and
corresponding to different turbulence levels. The two tur-
bulence velocity components, parallel and perpendicular to
the flight path, respectively, are assumed to be uncorrelated
but having the same spectra. The stability region is seen to be
reduced by turbulence; the higher the turbulence level, the
smaller the stable region. As expected, the second-moment
stability region is always included in the first-moment stability
region. The same conclusion can be reached using the
Schwartz inequality. Also included in the figure is the non-
turbulence case as a baseline for comparison. This baseline
agrees with the one previously obtained by Sissingh? using an

Table I Corresponding normalized spectrum level, real spectrum
‘ level and rms of excitation V()

<I>W,7 oy, m/s

(m/s)~
¢, A w./Q=1 w. /=2 w. /=3
3.18x 104 0.175 2,77 3.92 4.80
6.36x10 4 0.350 3.92 5.54 6.70
9.55x 104 0.525 4.80 6.79 8.31
1.59%x10 -3 0.875 6.19 8.77 10.73
2.23%x10 73 1.225 7.33 10.37 12.70
3.18x10 3 1.75 8.76 12.40 15.18
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Fig. 2 Second-moment stability boundaries for coupled flapping-
torsional motion: p=1.6; w,=10; F=0.24; Q=15; &, =

analog computer, and verified later by Peters and
Hohenemser® using the numerical Floquet matrix method.
Since vector {X,,X,} ={8,8} is treated as the response, the
asymptotic stabiliity for the first moment only assures that

E[B] and E[3] approach zero. This condition is not as useful

as the one obtained previously? for the amplitude
A=(B?+p-282) in the case of hovering flights. Under
normal conditions, the first-moment stability boundaries for
the uncoupled flapping motion do not deviate much from the
baseline. The one that is shown in Fig. 1 corresponds to an
unusually high turbulence level of 0.00636 in order to
demonstrate the general nature of such curves. The more
useful stability boundaries are the ones for the second
stochastic moments shown here for three spectral levels of
0.00159, 0.00318, and 0.00636.

The advance ratio pu =2.4 was used in previous deterministic
analyses, 1'* although it is much too high to be expected of
present helicopters and, perhaps, also high for possible future
designs. The present stochastic analysis has shown that the
flapping motion remains extremely stable in turbulent flows.

Figure 2 shows the second-moment stability boundaries for
the coupled flapping torsional motion, again when the
longitudinal and lateral turbulence velocities have the same
spectral level but are uncorrelated. The response vector is now
1 X, X5,X;,X,)=1{6,8,0;a}, combining into ten second-
moments E[X?{], E[X,X,], E[X,X;], E[X,X,], E[X}3],
E[X,X;], E[X,X,], E[X3], E[X;X,], and E[XZ]. The
stability boundaries for the first moments are not shown in
the figure for lack of practical importance. It is seen that the
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stability boundary of the coupled motion deviates sub-
stantially from the baseline of the nonturbulence case, due to
a rather low-turbulence spectral level of &, =0.000318,
which can occur even from a natural geothermal source. All
the stability boundaries shown in Fig. 2, including the
baseline, are nearly straight on the y-p? plane in the range
p?>1, while rapid change takes place in the lower p? range. It
is well known from the deterministic theory of parametric
excitation involving the Mathieu-Hill-type equations that a
primary instability occurs at p? =0.25. This accounts for the
departure of stability boundaries in the region 0< p? <1 from
the general trend appearing in the region p2 > 1. In helicopter
dynamics, the flapping stiffness parameter p? of the blade is
always greater than one. Therefore, results for 0<p? <1 have
no practical significance but are included here for com-
pleteness.

Concluding Remarks

The most crucial assumption in the analysis is the relative
shortness of the correlation time of the turbulence field when
viewed from a coordinate system attached to the blade, as
compared with the relaxation time of the dynamic system.
This assumption permits the use of a Markov model and the
It6 calculus in the mathematical theory of probability. This
assumption is reasonable if the turbulence is carried by a high
convection velocity relative to the blade. If the correlation
time of the excitation field is not sufficiently short, then one
remedy is to model the excitations £ (¢) and 5 (¢) as outputs of
suitable linear filters which are fed with white noise inputs.
The number of dimensions of the resulting Markov vector will
be increased to include the dimensions of the linear filters;
hence, the additional algebraic and computational com-
plexities. However, the underlying principle remains un-
changed.

The use of the Wang and Akai conversion rule, which is
much simpler than the more general stochastic averaging
procedure of Stratonovich and Khasminiskii, requires the
white noise assumption for the initial inputs. Since the
correlation time of a white noise process is infinitely short, a
comparison with the length of the system relaxation time is
not necessary. The implication is that the analysis is valid
regardless of the magnitude of damping in the system. This
may be important since the aerodynamic damping of blade
torsion varies greatly in forward flight.

The main conclusions reached in this exploratory study are
summarized as follows:

1) The flapping and torsional motions of a rotor blade
operating in a three-dimensional turbulence field are governed
by differential equations with periodic and random coef-
ficients.

2) For the uncoupled flapping motion or the coupled
flapping torsional motion, the two horizontal turbulence
components affect the system stability, but the vertical tur-
bulence component contributes only to the nonparametric
external force.

3) The present analysis is valid for an arbitrary advance
ratio.

4) Numerical calculations have confirmed the fact that the
second-moment  stability guarantees the first-moment
stability.

5) The second-moment stability boundaries of the un-
coupled flapping motion deviate only slightly from the
nonturbulence baseline, even under high-level turbulence
excitations. Thus, it remains very stable under normal cir-
cumstances.

6) Contrary to the case of uncoupled flapping, the second-
moment stability boundaries of the coupled flapping torsional
motion under realistic turbulence levels may differ signi-
ficantly from the nonturbulence baseline.
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AND THERMAL CONTROL—v. 65

Edited by Raymond Viskanta, Purdue University

The growing need for the solution of complex technological problems involving the generation of heat and its absorption,
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